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A CRITICAL ANALYSIS OF THE GRAD APPROXIMATION FOR CLOSING OUT
THE MAGNETOHYDRODYNAMIC EQUATIONS FOR PLASMAS

By Willard E. Meador
Langley Research Center

SUMMARY

A critical analysis is made of the utility of Grad's 13-moment distribution functions
in closing out the generalized magnetohydrodynamic equations for plasmas. In particu-
lar, the inaccurate particle velocity dependence of the Grad approximation is shown to
yield significant errors in the collisional transfers of such quantities as momentum and
energy as functions of the moments (variables of the problem) considered. These errors

directly affect the relations between moments which are derived by means of the afore-
mentioned closing-out process; consequently, when the Grad functions are written so as
to incorporate the moment relations, considerable doubt is cast upon the ability of such
functions not only to describe the original 13 moments but also to predict accurately other
plasma properties (e.g., the entropy) as well. Numerous comparisons with the exact
first- and second-order perturbation solutions of the Boltzmann equation are made in
order to substantiate these conclusions. A study also is made of the convergence of
Grad-type functions as more moments are added, in consequence of which at least

16 moments are often necessary.
INTRODUCTION

Macroscopic equations of change for such velocity moments of the Boltzmann
kinetic equations as constituent number densities, mean velocities, temperatures,
stresses, and heat fluxes in plasmas have been generated by many authors, but with
widely varying accuracies with regard to the net effects of interparticle collisions. A
particular example of the more rigorous approaches is the work of Everett (ref. 1), in
which Grad's 13-moment velocity distribution functions are utilized for closing out the
moment equations, that is, for expressing the collisional transfer terms as functions of
the moments (variables) of the problem. When coupled with Maxwell's electromagnetic
field equations, the resulting magnetohydrodynamic equations constitute a closed set.

The efficacy of such developments obviously depends on the accuracy of the distri-
bution functions employed in the closing-out process. In particular, errors in the
detailed dependence of the distribution functions upon particle velocities may lead to



serious errors in the relations between the collisional transfer terms and the moments
of the problem and also in the relations between moments which are deducible from the
final closed set of macroscopi¢ equations. Examples of moment relations include the
specifications of heat fluxes and pressure tensor elements in terms of the electron diffu-

sion velocity.

A prime purpose of the present research is to investigate the accuracy of the
moment relations obtained by using the Grad 13-moment velocity distribution functions in
the aforementioned closing-out process. This is accomplished by first assuming the dis-
tribution functions to be expressible as perturbation series, then employing the closed set
of macroscopic equations to compute the heat flux, a certain higher moment, and the
second-order contributions to the pressure tensor as functions of the electron diffusion
velocity, and finally comparing the results with those obtained from exact first- and
second-order perturbation solutions of the Boltzmann kinetic equations. The character
of each perturbation series is such that the zeroth-order term corresponds to a local
Maxwellian distribution function, whereas the first- and second-order terms correspond
to corrections which are linear and quadratic, respectively, in the electron diffusion

velocity or in its driving force.

Although this form of solution is not required by the Grad N-moment method, which
is a more general approach that includes the perturbation expansion as a special case,
there are two overriding advantages of the present procedure. They are, first, that such
solutions are physically meaningful and, second, that exact solutions of the corresponding
integro-differential perturbation equations are readily found if modifications to Meador's
collision model (ref. 2) are substituted for the Boltzmann collision terms. Thus, all ref-
erences herein to the order of a function or quantity indicate the highest power retained
of the electron diffusion velocity or its driving force.

A study also is made of the convergence properties of Grad N-moment functions,
whereupon it is observed that at least 16 moments are often necessary for the closing-out
method to yield accurate moment relations and that the addition of higher first-order
moments to the Grad functions is equivalent in a systematic fashion to the calculation of
higher Sonine approximations to the Chapman-Enskog distribution functions (ref. 3).
Several types of interparticle interaction potentials are considered, including those of the
real (as opposed to Lorentz) fully ionized gas.

Another objective of the present research is to investigate the ability of Grad
N-moment functions to predict accurately additional plasma properties (e.g., the entropy).
This particular study involves the substitutions of the following two sets of moment rela-
tions into the original Grad functions: (1) the exact moment relations obtained from solu-
tions of the Boltzmann kinetic equations and (2) those obtained from the closing-out pro-
cess. The accuracies of the entropies thus calculated are found to be highly sensitive to



the plasma conditions; more specifically, the errors are especially large when the elec-
tric field and the temperature gradient are so related as to yield zero heat flux with
respect to the average electron motion.

Finally, the Grad 13-moment functions are modified through second order by first
imposing entropy maximization, which is the approach of information theory, and then
referring the electron particle velocity to the electron frame of reference, which is the
method suggested by Everett (ref. 1). Although both modifications lead to improvements
in the evaluation of the pressure tensor, the one proposed by Everett gives the best
agreement with the exact calculations.

Unless otherwise noted, the following simplifying assumptions apply throughout the
present report: time independence for all parameters, infinite mass for the heavy parti-
cles which are considered fixed scattering centers for the electrons, zero plasma flow
velocity, zero applied magnetic field, and spatially homogeneous fluxes, temperatures,
pressures, and all other quantities through the second perturbation order.

SYMBOLS
A(E) ratio of impact parameter integrals
b impact parameter
B magnetic field
B unit vector in direction of magnetic field
Ce electron particle velocity
E']- heavy-particle particle velocity
e magnitude of electron charge
E electric field
fe electron distribution function
f((ao) Maxwellian contribution to electron distribution function
.fj heavy-particle distribution function



g1),82()

1,j,k

o

€,Xy

Hijo

go

e, Xy

functions defined in equations (81), (84), and (85)
indices
unit vector in x-, y-, and z-direction, respectively
electron current density
Boltzmann's constant
mass of electron
electron number density
number density of heavy particles
electron partial pressure

xy-component of electron pressure tensor (subscript used indicates appro-~

priate component)
traceless electron pressure tensor

xy-component of traceless electron pressure tensor referred to plasma
motion (subscript used indicates appropriate component)

xy-component of traceless electron pressure tensor referred to electron dif-
fusion velocity (subscript used indicates appropriate component)

heat flux vector, El - -2§ EO (see table I)
vector, By - T8y + T Bp (see table II)
integral defined by equation (16)

entropy density

equilibrium entropy density



X,y,2
afe>
o),

<afe>

(afe)

al,oz2

collisional transfer of reduced flux E]

time

electron temperature referred to plasma motion

electron temperature referred to electron diffusion velocity
unit tensor

electron diffusion velocity

integration variable

Cartesian coordinates

time rate of change of fo due to collisions

f
contribution to <__e> from first-order perturbation function
c

ofg

contribution to (Taf‘) from second~order perturbation function
c

constants

velocity moment defined by equation (3); for example, EO is reduced elec-
tron diffusion velocity and By is reduced heat flux

reduced electron particle velocity

variational operator

azimuthal angle for electron—heavy-particle collision
hgat flux parameter defined by equation (94)

polar angle in spherical coordinates



My Lagrange multiplier

& effective interparticle interaction parameter

o electrical conductivity

Tg collision time for entropy production

Ty collision time associated with electron diffusion
@ azimuthal angle in spherical coordinates

1 first-order perturbation function

Y9 second-order perturbation function

Pe electron perturbation function

X scattering or deflection angle in electron—heavy-particle collision
w cyclotron frequency

Subscripts:

e electrons

j heavy particles

X,¥,2Z X-, y-, and Zz-components

Special notations:

< > average over velocity space
< >0 average over velocity space using only Maxwellian distribution
O factorial employing only odd numbers; for example, (5)!' =5-3.1= 15

Primed quantities in collision integrals denote conditions after collisions, as
opposed to unprimed quantities which denote conditions before collisions.
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MACROSCOPIC EQUATIONS OF CHANGE

A convenient initial step in the investigation of first-order moment relations is the
derivation from the macroscopic equations of change of a recursion-type formulation of
the collisional transfer terms. Such is the purpose of the present section, in which the
fundamental working equations are deduced. Second-order moment relations are dis-
cussed in a subsequent section. As explained in the Introduction, the restriction to first
order is imposed by neglecting squares and higher powers of the electron diffusion veloc-
ity (or its driving force).

The macroscopic equations of change for electrons are generated by taking veloc-

ity moments of the Boltzmann integro-differential equation (ref. 3)

1/2 1/2

e, (2Te) o g _ e [Me E,E__e_(;xg).ifs=a_f9_ (1)
ot me e me 2kTe 3'7 me 8? ot

in which (afe/at)c represents the set of collision integrals and ¥ is the reduced elec-

Y
— _ e .
Y= <2kTe> Ce @)

tron particle velocity defined by

There is one such equation of change for each of the moments regarded as variables of
the problem.

As an example of this procedure, the equation of change for the moment

- ) -1 . -
By = <7237> = ne S y2iyte de (3)
is obtained from equation (1) by multiplying each member of that expression by cgjé’e,

integrating over velocity space, and employing vector calculus and Gauss' divergence
theorem in the usual manner (ref. 3). The result is

@i
ait ne(znliie) 2]+1)/2§j iy ne(sz )]+1 <y21w_> ene(ZkT > (< 2]>E + 2E - <7,2;| 27,.7>)

(2j+1)/2 (2j+1)/2
X 3(21{1‘8) 5 B - <2kTe> ~

me \ mg mg S )



where §J refers to the collisional transfer of _B.] and is expressed as
- . [of
. = 2]"<_e> .
S] S")’ Y 8t /e dce (5)

It is evident from equation (4) that if 0, 1, and 2 are the only values considered for
the index j, the variables of the systém (in an unreduced sense) will be comprised of the
28 moments corresponding to ng, EO’ El’ Ez, and the symmetric tensors <'-}7§7>, <')/2W>,
and 6/47)77 ‘Likewise, j selected as 0 and 1 involves the 19 moments corresponding to
ne, Bg, A1, and the symmetric tensors <§7y'> and <y27'777>, which set can be reduc/ed to\the
familiar 13 moments of Grad (ref. 1) by using a distribution function to express QZVV ) in
terms of the remaining variables. Such effort is part of the closing-out process, as is
the elimination in a similar manner of the collisional transfer term §] in equation (4).
The number of moments ultimately retained as variables of the system is obviously a
matter of some choice, there being no strict limitations on where the closing-out process

must stop.

Because of the previous restrictions to spatial homogeneity and time independence,
the first two terms on the left side of equation (4) are zero. In addition, since the elec-
tric current is assumed o generate the only magnetic field and the product EJ x B is
therefore second order by reason of Maxwell's equations, the first-order form of equa-
tion (4) can be written

1/2
—b‘ _ ene me 2- — - . 2-_2—o—o
S "'m_e'(sze> <<y J>OE + 2jE <y J=éyy 0

1/2
_eng (mg ' N = .
" 3me <2kTe> © + 294 2)0F ©

The zero subscripts refer to velocity averages taken with respect to the zeroth-order
Maxwellian distribution function given by

(o),_ mg 3/2 ~y2
fg '“e<_‘zme> e )

Equation (6) is further reduced by utilizing

<‘y2j>0 = nél g yzjfgo)dae = 27j + 1)1 (8)



to write the equation of motion

1/2
S, =—¢(__¢€ E (9)
me \2kTe
and the recursion relation
.4 =15 + 2§)S: | (10)
i+1 75 1)5j

Equation (10) depends only on the assumptions of first-order theory and spatial and time
independence. This equation is the working equation for the computation of first-order
moment relations, together with equation (5) and a formulation of (afe/at)c yet to be
given.

More specifically, if an electron distribution function of the Grad N-moment variety
is employed in equations (5) and (10), all moments B can be expressed in terms of the
reduced electron diffusion velocity BO Hence, BO is regarded as input data and thus
is independent of the approximation to the distribution function. Equation (9) is of use
only when the dependgnce of EJ upon thle driving electric field is desired.

Grad N-Moment Distribution Functions

A convenient way of writing Grad's 13-moment electron distribution function for the
purpose of closing out equations (5) and (10) is as follows (ref. 1):

£, = f(eo)(l + 9e) (11)
where
— 4 1 2
¥ =28y 7+ 3< - —><[31 -5 Bo> * e Pe 1 %Y (12)
o}

and Fe is the traceless pressure tensor defined by

Pe = 2pe(<yy_> -= IT) ?Pe 5 f(o)yycpe dCe (13)

Although equation (12) and its first-order form (see appendix A for an alternate
derivation)

9o = 2By ¥ + —g-(ﬂ - -;-)(El -2 B’o> ‘¥ (14)



produce identities for the moments when the proper integrations are performed, this
characteristic is not sufficient to guarantee accurate values of §] when equations (11)
and (14) are employed in equation (5). The integrals defining these moments are quite
different from those defining the S.‘:]-, so that errors in the detailed y-dependence of equa-
tion (14) will be reflected in the results from equation (5) and also in the moment rela-

tions subsequently derived from equation (10).

Before any distribution function can be employed in equation (5), however, the colli-
sional derivative (dfg/8t)c must be expressed in terms of ¢,. This is accomplished
by using the following simplified first-order collision model developed by Meador (ref. 2):

2
(afe> __€ neRy3 71_(4/€)f<(90)90e (15)
c

_8_t_ meoR04

in which Rij is the integral

R; = SO x4/ B+ %2 g (16)

and £ is an effective interaction parameter defined in such a way as to guarantee the
correct relation between the heat flux and the electron diffusion velocity on the basis of
the exact solution to the corresponding Boltzmann equation.

Reference 2 further shows that equation (15) is entirely adequate for describing a
great variety of realistic plasmas, even though to the first Chapman-Enskog perturbation
order the description is exact only for a Lorentz gas (i.e., negligible electron-electron
interaction effects either in a slightly ionized gas or in a fully ionized gas having large
ionic charges). The parameter £ in the latter cases is the exponent in the electron—
heavy-particle inverse-power interaction potential.

The substitution of equations (14) and (15) into equation (5) yields

< e?ngR13R 1 915 =~ 2 =
$;j(13-moment) = - 5 : {[(1 - 2))¢ + 4] +§E1 +2))€ - 4;]31} (17)
2meoR04§

which relation combines with equation (10) and the identity

R_1,2§47 = elE e - Z:]R—1,2j+5 (18)
- to give
5((11 + 67)£2 - 8(1 + ) + 16] 7

(19
2[(13 + 6§)£2 - 8(2 + j)¢ + 16] 0 :

§1(13-moment) =

10



In particular, when j = 0, the expression

5(11£2 - 8¢ + 16) 7

E (13-moment) =
1 2(13¢2 - 16 + 16)

(20)

represents the first-order culmination of the present method for closing out the macro-
scopic equations of change at the 13-moment level.

Likewise, for the other Grad functions of present interest, the substitution of

¢@e(5-moment) = ZEO -y 21)
and equation (15) into equation (5) gives

2 2
e Ri3R i B —
Neh13h0-1,2j+5 Bo (22)

§j(5—moment) = - 3
meO’R04

and the substitution of equation (A5) and equation (15) into equation (5) gives

2.2
- e“ngR13R_ ; -
Sj(16—moment) = - e™s 5 1,21+5 %KZS - 8j + 4j2)£2 + 16(1 - )& + 16}60
2m90R04§2
1 - 4i2)£2 - 8(1 - 2VE - 1618 - LI(1 - 4i2)£2 .+ _ 18l%
+ 5K3 + 4j - 4 )g 8(1 - 2j)¢ - 16|B; 35[(1 4i2)£2 + 16j5 - 16|F
(23)
Accordingly, equations (10), (18), and (22) yield
5+2) T-1,24+7 (B +j)E -2
= = (24)
2 R_y9j45 £
so that
£(5-moment) = 4 (25)

In a similar manner, the following expression is deduced from equations (10), (18),
and (23):

11



Bo(16-moment) = 35@23 + 56j + 2032):53 - 4(27 + 20§ + 4j2)g2

-1
+ 16(5 + 4j)£ - 6{‘ {%Kzl - 32j - 20j2)£3

+4(19 + 125 + 4i2)¢2 - 16(1 + 4])5 + 64|F,

_la _ gas - 90:2):3 + 4(19 + 167 + 4i2)£2
5|5 TRy T evl)s \ J S
- 16(3 + 4j)£ + 64|B1(16-moment) (26)

Equation (26) is further simplified by solving simultaneously the j=0 and j=1

expressions, which are

7[5(21g3 + 7682 - 16 + 64)23’0 - 4(353 + T6£2 - 48% + 64)E1(16-momentﬂ

§2(16—moment) =
4(2353 - 108£2 + 80% - 64)

@7)

and

7[a(61¢3 - 156£2 + 112¢ - 64)F;(16-moment) - 5(31¢3 - 1402 + 80 - 64);'3’0] (28)
4(9953 - 204£2 + 144¢ - 64)

Ez(lﬁ-moment) =
to obtain the first-order result

5(349&4 - 416&3 + 67282 - 512¢ + 256) A (29)
2(425¢4 - 8163 + 1120£2 - 768¢ + 256)

51(16-moment) =

Only one conclusion can be drawn from the differences between equat1ons (20)
and (29): In spite of the fact that the macroscopic variables 60 and 51 explicitly
appear in each of equations (14) and (A5), the 13-moment and 16-moment distribution
functions do not predict the same expressions for the collisional transfer terms
§j<§0,E1>- Hence the accuracy of the closing-out procedure may be quite sensitive to the
number of moments considered as variables in the original ¢,. The one exception
occurs for Maxwellian molecules (¢ = 4), in which case all results agree with

12



f1(5-moment) = n3 1 S y2;7fé°)(2250 : 77)d<':’e =g ) (30)

and
§2(5-moment) = nélg y4ﬁ,(3°)(2§0 . }')dé’e = % -.0 = 7(-51 - -2— §0> (31)
because of the relation
¢o(13-moment,£=4) = @e(16-moment,£=4) = @¢(5-moment) (32)

In analogy with equation (25), the combination of equation (20) with the j =1 form

5(17£2 - 16£ + 16) 5

£1(13-moment) = (33)
2(19¢2 - 24 + 16)
of equation (19) gives
£(13-moment) = 4 or 4/3 (34)

The bounds of the closing-out procedure are exceeded in both instances by the application
of equation (10); in particular, the macroscopic equation of change for Zi.] _vyith izl is
used in deriving equation (25) and the macroscopic equation of change for B9 is used in
deriving equation (33), whereas the accurate descriptions of the 5-moment and 13-moment
distribution functions stop (unless £ = 4) with EO and El’ respectively. A definite
upper limit on the index j is always imposed in equation (10) if the collisional transfer

terms are computed from a Grad N-moment function.

Comparisons of Heat Fluxes

Reference 2 shows that the exact (or infinite moment) first-order distribution func-
tion corresponding to an applied electric field and the collision model of equation (15) can
be written

2R —
@e(-moment) = —od 7(4/5)_130 -y (35)
Ri3
Accordingly,
El(w-moment) = 2&'1(3; + I)Eo (36)

13



and
,_B.Z(oo-moment) = 25‘2(352 + 5¢& + 2)2%.0 37

from equations (3) and (35).

The following summary of heat fluxes obtained from equations (30), (20), (29),
and (36) can thus be used to assess the convergence properties of Grad-like distribution
functions in closing out the macroscopic equations of change:

§1(5-moment) - g EO =0 (38)

- 5 = 5£(4 - &) vy
B1(13-moment) - = By = B (39
1 2 "0 13£2 - 16£ + 16 0 )

) 2 -
10£(4 - £)(1962 - 24¢ + 16) Bo (40)

51(16-moment) - EO =

No|en

425:% - 8163 + 11202 - 768¢ + 256

and

Nolor

El(w-moment) -5 B = 4~2_£—£ EO (41)
Numerical calculations based on equations (38) to (41) are given in table I for effec-

tive interparticle interaction potentials corresponding to a Lorentz fully ionized gas

(¢ = 1), a real fully ionized gas including electron-electron collisions (¢ = 1.6674 from

ref. 2), a Lorentz gas with £ = 2, a Lorentz gas composed of Maxwellian molecules

(¢ = 4), and a Lorentz gas of rigid spheres (¢ = «),

TABLE I.- NONDIMENSIONAL HEAT FLUX @ = 81 - g 8o

Q.l/EO for & of —
N
1 1.6674 2 4 oS
5 0.000 0.000 0.000 0.000 0.000
13 1.154 .164 .556 .000 -.385
16 1.521 .704 .507 .000 -.4417
o 1.500 .699 .500 .000 -.500

Although the errors in the heat flux at the 13-moment level are not especially serious in

first-order calculations, they may well be large compared with the higher order

14




corrections (to linear flux theory) discussed by Everett. In addition, the errors in El
are fed back to the distribution functions themselves and will affect the strongest
y-dependent terms therein; consequently, the errors may be compounded in other types
of velocity integration (including the macroscopic equations of change for higher order
quantities).

Another demonstration of the fact that the Grad function is less accurate in the
present context than was commonly supposed is obtained from similar comparisons for
Ez. The expressions analogous to equations (38) to (41) are quite complicated, however
especially for the 16-moment velocity distribution; thus, it is more convenient in that
case to compute the fluxes directly from equations (28) and (29). There results

b

fo(16-moment,£=1) - 7E3’1(16-moment,g=1) - g B’(ﬂ = 0.9685, (42)
Bo(16-moment,£=1.6674) - 7[‘3’1(16-moment,g=1.6674) - % Zﬂ = -0.2878p (43)
Bo(16-moment,£=2) - 7E§1(16-moment,g=2) - % Za’é' = -0.3238 (44)
Ez(IG-moment,g=4) - 7@1(16—m0ment,£=4) - % E(J =0 (45)

and
EZ(IG—moment,£=°°) - 7[51(16-m0ment,§=°0) - g §(£| = 0.49450 (46)

The remaining examples are not as difficult to handle and the following equations
may be derived from equations (3), (14), and (39) for the 13-moment function and from
equations (31), (36), and (37) for the 5- and *-moment functions:

52(5-moment) - 7':23.1(5-moment) - % E(ﬂ =0 47
§2(13-moment) - 7|?3’1(13-moment) - % E;J =0 (48)
and
Ez(w-moment) - 7[:23.1(°°-m0ment) - -Z— E(i} = (€ - 4)(3; = 4) EO (49)
4¢

15



Numerical calculations based on equations (42) to (49) are given in table II, where
it is seen that the 13-moment analysis is completely inadequate (except for Maxwellian
molecules) and even the 16-moment analysis yields significant errors when compared

with the exact answers.

TABLE II.- NONDIMENSIONAL FLUX Qg = fy - 75 + % Bo

Qo/By for & of -
N
1 1.6674 2 4 0
5 0.000 0.000 0.000 0.000 0.000
13 .000 .000 .000 .000 .000
16 .968 -.287 -.323 .000 494
% 750 -.210 ~.250 .000 750

Entropy Calculations

Another important application of the present theory involves calculations of the

entropy density difference (ref. 2)
k -
s(o) -8 = ES\ féo)qogdce (50)

This and related quantities provide excellent criteria on the utility of the closing-out pro-
cedure for predicting plasma properties other than the basic moments appearing in the

Grad-like functions.

It is further shown in reference 2 that if the collision time 74 {for entropy produc-

tion is introduced according to the definition
ofs© -9
Tg=——5—— (51)

nekﬁg

where 75 is the familiar collision time
-1
7o = (e2ne) meo (52)

the generalized Ohm's law can be written (through linear terms in w7g) in a form com-
pletely analogous to the mean-free-path result. Hence,

—j’= G(E + wTSf% X E) (53)
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The computation of 75 from equations (50) and (51) is thus equivalent to finding the Hall

conductivity in the case of small magnetic fields.

The evaluation of equation (50) requires the following set of perturbation functions

obtained from combinations of equations (21), (14), (A5), (35), and (38) to (46):

Ye(5-moment) = 250 -y

4[5(4-&)y2+9£2—18§+8]-8— 5

@e(13-moment) =
13:2 - 16& + 16

¢o(16-moment, £=1) = %(0.9687/4 +3.87152 - 0.645)23’0 .

4

@e(16-moment,£=1.6674) = -35

o) =4 4 2 3.
¢, (16-moment,£=2) = —53(0.323'}/ - 5.8072 - 5.807)F, - 7

¢, (16-moment,£=4) = ZEO -

4

- —0) = —_ 4 _ 2 s .~
¢, (16-moment, §==) 35(0.494')/ 6.588y +29.65)30 7

and

2R
@ (*°-moment) = ——=y Bn - ¥
e R13 0

Numerical calculations based on equations (50), (51), and (54) to (61) appear in

(0.287% - 6.9372 - 2.669)3, - 7

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)

table III for a variety of effective interparticle interaction potentials and number N of

moments in the Grad-like distribution. Except for the trivial case of £ = 4, the
13-moment analysis yields an error in (TS/TO.) - 1 that ranges from 17 percent for

£ =1.6674 to 67 percent for § = o,
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TABLE III.- RATIO OF COLLISION TIMES 7, AND T

Q

N ‘TS/'TO. for £ of —
1 1.6674 2 4 o0
5 1.000 1.000 1.000 1.000 1.000
13 1.533 1.233 1.123 1.000 1.059
16 1.979 1.203 1.109 1.000 1.094
o 1.933 1.199 1.104 1.000 1.178

The values of ’rS/T(7 for £ =1 coincide exactly with the first, second, third, and
infinite Sonine approximations (ref. 2), respectively, as found from solutions of the
Boltzmann equation. That this is no accident follows from the observation that equa-
tion (55), for example, is identical for ¢ =1 with the second Sonine approximation
derived in appendix C of reference 2. It is not immediately obvious why Grad-like func-
tions reduce to Sonine approximations to the solution of the integro-differential kinetic
equation when the higher moments 'B'J are related to B'O through the closing out of the
macroscopic equations of change; however, a key factor may be the appearance of Sonine
polynomials (in ) in equation (A5). In any event, the fact that the addition of higher first-
order moments to the Grad function in the present method corresponds in one-to-one fash-
ion to higher Sonine approximations to the Chapman-Enskog distribution function is of
considerable interest because it provides an alternate and equivalent method of solution.

One final illustration of this equivalence is given in table IV, where the ratio of 74

to 7, computed in the present paper is compared for the real fully ionized gas

(¢ = 56674) with the Sonine approximations (denoted by N') of reference 2. The small
differences that do prevail at each level are caused by the use of the collision model of
equation (15) in the one case and the more rigorous Chapman-Enskog treatment of
electron-electron encounters in the other. Oddly enough, the much simpler approach

yields slightly better values with respect to the exact ©-moment numbers.

TABLE IV.- RATIO OF COLLISION TIMES 75 AND 7, FOR

A REAL FULLY IONIZED GAS (£ = 1.6674)

N TS/TP. N TS/‘TO,
(Grad-like) (Chapman-Enskog)

5 1.000 1 1.000

13 1.233 2 1.259

16 1.203 3 1.207

% 1.199 ° e
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Other Applications of Grad-Like Functions

It has now been shown that Everett's method of utilizing the Grad 13-moment dis-
tribution function for closing out the macroscopic equations of change leads to substantial
errors in the relations between EO and the higher fluxes B'J These errors, in turn,
are fed back to the distribution function itself, so that subsequent calculations of quantities
such as the entropy are similarly affected. What is not clear, however, is whether the
errors in the entropy are caused primarily by the approximate forms of the distribution
function or by the use of incorrect moments therein. Even though such distinctions are
improper in the strictest sense, the possibility that Grad-like functions employing exact

—

ﬁ]-—relations will yield improved entropy values should be investigated.

Two cases are considered for this purpose: (1) the spatially homogeneous Lorentz
fully ionized gas (£ = 1) already discussed; (2) a fully ionized Lorentz gas in which there
is no heat flux relative to the average electron motion and which implies a temperature
gradient in fixed relation to the electric field. Only in case (1) does the 13-moment
function prove to be reliable.

Since equations (41) and (49) yield

—

5 —
Bl‘iﬁoz

)

EO (62)
and
52 - 7(51 - % Eo> = 'Z‘ EO (63)

for case (1), the Grad-like perturbation functions may be written as follows from equa-
tions (21), (14), (A5), and (35):

¢ (5-moment) = ZEO -y (64)
¢o(13-moment) = (g y2 - 1) EO v (65)
(pe(16—moment) = (3?—5 V4 4 %72 - %)EO v (86)
and
@o(-moment) = %/2- y3ﬁo v (67)

19



Numerical calculations based on equations (50), (51), and (64) to (67) are presented
in case (1) of table V, where it is evident that a major improvement is obtained over the
corresponding 13-moment result in table III. What small error remains is thus attribut-
able entirely to the form of the distribution function rather than to an incorrect relation
between El and EO‘

TABLE V.- RATIO OF COLLISION TIMES 74 AND 7, FOR
A LORENTZ FULLY IONIZED GAS

Conditions N ’TS/TO

Case (1): 5 1.000
No gradients, 13 1.900
By = 4B, 16 1.932

& 1.933

Case (2): 5 1.000
Temperature gradient, 13 1.000
By = 5[3’0/2 16 1.804

co 1.865

Case (2) requires the solution of equation (1) with the temperature gradient included,
which is available from reference 2 in the form

1/2
ToRpq [2kTe (4/85)-1 e = 9 5 ve
Qe = - ——— —_— - v .
@g (°-moment) Rys \ e y o E + (‘y 2) InTel ¥ (68)

for zero pressure gradient. This expression can be used to evaluate El and EO as

3 -3/25 29 (£+ D7/ me Ve 4)v 69)
Bl =7 e % -}/qpe d'}/ = - Ezrn ZkTe [ZegE + k(g + ) Te:' (
e
and
1/2
- 2 -
(v e e



the combination of which with equation (68) and

— 5 —
Bl = 5 BO (71)
finally gives
1/2 -
il
gDe(w—monlent) = - —?’T '}’3(3')/2 - ZO)BO Y (72)

if £=1.

Since the appropriate moments of equation (72) yield
- - 5= 15 =
.32 _7<Bl—4_30> = _TBO (73)

the following set of perturbation functions are obtained when equations (71) and (73) are
imposed on equations (21), (14), and (A5):

q)e(5—moment) = cpe(13—moment) = ZEO -y (74)
and
v 3[4 o2 49\=x |~
¢o(16-moment) = - 7(7 - T2 + ﬁ)BO Y (75)

Numerical calculations based on equations (50), (51), (72), (74), and (75) are given
in case (2) of table V, where it is seen that the 13-moment approximation to the ratio

of 75 to 7, isinadequate. The reason is obvious: Since ¢g(13-moment) is the

o)
same as @(5-moment), and since fo(5-moment) corresponds to a Maxwellian distri-
bution referred to the electron frame of reference, the 13-moment function is unable in
this case to describe the important frictional effects arising from electron-ion collisions.

At least the 16-moment approximation is needed to safeguard against this occurrence.

Finally, one might consider the prediction of Ez by the 13-moment distribution
function. Since the corresponding integration of equation (14) yields

-1 - 25) - 0 (76)

regardless of the relation between El and EO’ there can be no agreement at this level
with equation (63) or (73). Serious difficulties are therefore unavoidable in some appli-
cations of the Grad function, even when the best values of the fluxes are employed.
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SECOND-ORDER THEORY

Exact and Grad Solutions

As an example of the utility of the closing-out method for predicting higher order
plasma properties, the second-order traceless pressure tensor so determined is com-
pared in the present section with calculations involving a direct second-order solution of
the Boltzmann equation. Errors in the results obtained by using the Grad 13-moment
approximation are expected to arise from the fact that the pressure tensor term in equa-

tion (19\ incomnletelv describes hicher order contributions in much the same manner that

LAV 24, AAALRLAAPACLELY VUL IADTS Mgl VAT LRI IRV 220 2220 AR 2allle iaAitl st

the electron diffusion velocity and heat flux incompletely describe first-order effects.

Since an exact second-order solution is necessary in this investigation, the physical

ol 13 1. o v oo cdrn T A Flan s A ot A A

pr'()blei“x should be as tractable as pUbbLULc and Simipier uidil the one considered uy
Everett (ref. 1). The essential requirements are satisfied quite well by a hypothetical
plasma in which an electric field is applied in the z-direction, the magnetic field is zero
(in violation of Maxwell's equations), there are no spatial variations of any macroscopic
quantity, and a Lorentz-like collision model is applicable.

The pertinent second-order perturbation equation can be written from equation (1)
as follows:

1/2
e By o (<o) )_(Me) - @ [T -
Bt T rgte 1)\ Tt g, T e e § (op-op)oavac

Primed symbols refer to quantities after a collision (as opposed to unprimed symbols for
quantities before a collision) and ¢ 1is split into additive ®q and ) parts, where
@ is second order and

2R
04 (4/8)-1

D4 =
01
Ris

307’2 (7 8)

from equation (35). Also used in the derivation of equation (77) was Ohm's law and
equation (52).

It is evident from the energy balance expression (ref. 3)

2
0p, . —~ 2p_.B
—E-EFE.j= e 0

ot T

(79)

DO | o

that the time derivative of the electron pressure is second order. Moreover, since the
number density n, is time independent by reason of the electron equation of continuity,
there results
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(o) (0) ,2
of 9lnp 4£}7/8
e _ )2 3 e _~e P0f9 3
ot = fg (Y _§> ot 374 (y _i) (80)

from equations (7) and (79).

A physically meaningful solution is obtained by substituting the trial function

P9 = (37§ - 72>g1(7) + go (Mt (81)

into equation (77) and using equation (80), the relation

2t ©ORr 3
9 - -
5—<f£°)<,91> - Ze_"0df0 (47032 ,f2 4-)2 (82)
Yz R13 2§
and the collision integral
A(DRg / mg \M/2
2 2) _ 13 e _4/5( 2 2)
- b db de = 3ye - 83
‘S‘ ()/Z 7z 2nj70R04 <2kTe) 4 Yz 7Y ®3)
derived in appendix B. The resulting equations are
2 2
8RH,B _ _
g, = 0—420 7(8/ £) 4(72 - 42—£§> (84)
9A(HR]3
and
465 [Ry @/5-1[2 &£+2\ 2 3
g = —|5—7 ve - -y r s (85)
375|R13 £ 2
Since neither the electron number density
_ (0 4= o =~ _
ne = {18 ag, + [0, e = ne (86)
nor the electron temperature
_ Me 2.(0) 4= 2.(0 —~\
T, = 3n—k<5 2z, + | 0o, dce> = T, (87)
e
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is affected by @9, the following combination of equations (78), (81), (84), and (85) is the
correct perturbation function through second order:

@

2 2
_PRosfo_@/9-1, , PRoafo  8/9-4( 2 4-&\(5.2 _.2)
} /\'I Z i /

¢ Ry % 9A(5RY, \\ 2
2
+ﬂi)éy(4/£)'l y2_5+2 _,)/2+§ (88)
3’1'0_ R13 ‘E 2

The traceless electron pressure tensor is determined by the substitution of equa-
tion (88) into equation (13), whereupon one obtains

0 0 0
Pe,xy = Pe,xz = Pe,yz =0 (89)
and
0 0 o} 0 64(£ + 1)R04R22 9
Po 22~ "Poxx ™ Peyy = 2P Pefy (90)

XX 2
€, XX 45£A(HRS,

Equations (89) and (90) are the exact second-order tensor elements required for
comparisons with the approximate Grad 13-moment predictions. It is essential, how-
ever, that the same physical problem be considered in all calculations; accordingly, the

application and closing out of the macroscopic equation of change for Pe 22 must corre-
b

spond to the present plasma conditions, which are not the same as those of Everett.
2

The multiplication of each term of equation (1) by m eCe. z and subsequent integra-

tion over velocity space yields the following | expression

E-P +2en Ev_=m c2 af—e dc’
9t e,zz) e~Ve e ez\at /, ©

2 1 et o o o de.
meS‘ce’Z(fefj - fefj)lce - jl b db de d dC;

3/2
9KT 5 -
..njnle( m;) 5 y(yz - yfzz) fob db de d&, 91)

in which Chapman and Cowling's concepts (ref. 3) of inverse collisions and microscopic
reversibility, together with several of the assumptions in the last paragraph of the
Introduction, are employed in the successive simplifications of the collision integral.
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Further simplifications of equation (91) are obtained by the use of Ohm's law and
equations (79) and (83). There results

B(z, i} 9A(HR, 5 § _yz 1- (4/5)( Yz) 5f’e a7 (92)
647rR

where the ¢, 1is that of equation (12) if the unmodified Grad 13-moment function is used

for closing-out purposes. As mentioned previously, substantial errors may arise from

the fact that the pressure tensor term in equation (12) incompletely describes second-

order contributions in much the same manner as the electron diffusion velocity and heat

flux incompletely describe first-order effects.

All such second-order corrections to equation (12) are available through straight-
forward extensions of the information theory outlined in references 4 and 5 and appen-

dix A. More specifically, if the entropy is maximized subject to constraints on ng,
0
BO’ El’ and ‘P'e, which are interpreted as the observer's complete first-hand knowledge

of the plasma, the following modified 13-moment perturbation function is obtained:

2 B
2 19 2 n 7
(pe = 2BOYZ(5 77')’2 +1 - T’) + %; Pe,zz(3yz 4 ) 0 z I:m’

2
4n(2n + 5)B
+ 20(1 - 77)'y2 +7(n - 10i| ST y2 - il (93)
25 2
The parameter 7 introduced in this expression is defined by
Bi1 5
n=—-2= (94)
By 2

A difficulty with equation (93) is apparent from the fact that the corresponding
entropy is associated more with the observer's uncertainty about the plasma than with
the disorder predicted by the exact solution to the Boltzmann equation. If the number of
constraints employed in the entropy maximization is too small, the observer's uncer-
tainty may be so unreasonably large that the two correction terms in equation (93) will
substantially overcompensate the errors inherent in the unmodified Grad approximation.
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The substitution of equation (93) into equation (92) finally yields

40¢RZ,
9(3¢ - 2A(HR 3R 4 5

0
P

e.zz(modified 13-moment) =

_4%_[(752 - 32+ 16)7] + 10£(% - 4)}% p.Be  (95)

7582 L

As an examination of this development demonstrates, all that is necessary for the conver-
sion of equation (95) to the unmodified Grad 13-moment result is the formal replacement
of n with zero. Calculations of the latter type are presented in the second column of

table VI for several electron—heavy-particie interaction potentials and may be compared
with the exact results obtained from equation (90) and listed in the fourth column.
TABLE VI.- TRACELESS PRESSURE TENSOR COMPONENT
9 2
: Pe 22/Pefp
Unmodified 13-moment Modified 13-moment Exact
1 0.655 4,135 2.749
1,719 1.719 1.719
% 1.964 2.137 2.513
0
Also given in table VI are the modified (by information theory) values of Py 7o
as computed from equation (95) with
-4-8

from equation (41). The previously mentioned possibility of overcorrections of errors
inherent in the unmodified Grad distribution is especially apparent in the case of Coulomb
interactions (£ = 1), but evidently fails to occur when £ is greater than 4. Itis inter-
esting that Maxwellian molecules (£ = 4) again have the peculiar property whereby the
corresponding exact distribution function of equation (88) is identical with that of equa-
tion (93) and entropy is maximized automatically.

Since a feature of the derivation of equation (93) from information theory is the fact
that the square of the first-order function 2 contributes heavily to the resulting
n-dependent terms and since the ¢; of equation (12) rather than that of equation (78)
was used in this regard in order to preserve the 13-moment characteristics of O, it
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may be more consistent to substitute into equation (95) the following value of 7 obtained
from the 13-moment equations (39) and (94) rather than the «-moment value in

___5k4- ) ©7)
13£2 - 16£ + 16

represents a substantial improvement over the corresponding value in table VI, but

0 . ~ 5\ _ 2
Pe,zz (modlfled 13-moment, &=, 7= - ﬁ) = 2.114«pe,60 (99)

does not.

These examples illustrate the difficulty in making general statements irrespective
of the microscopic parameters. It does appear, however, that the type of consistency
invoked in equations (97) to (99) is highly desirable over an important range of £ and
is not very damaging for the remaining values of £. In any event, it seems safe to
assert that except for values of £ in the neighborhood of 4, and especially for values
of ¢ somewhat less than 4, the unmodified 13-moment approximation is quite inadequate
for closing-out purposes at the second-order level. This trend toward greater inaccura-
cies is expected to continue in the still higher orders, an example of which is the calcu-
lation of the third-order contribution to the electrical conductivity.

Reference Velocity Modification

It was shown in the preceding paragraphs that a consistent treatment of the modi-
fied (by information theory) 13-moment approximation leads to a substantial improvement
over the unmodified approximation for an important range of the interaction parameter £.
Another modification (ref. 1) consists of taking the electron particle velocity relative to
the mean velocity of the electrons in the Grad approximation, instead of relative to the
mean mass velocity of the plasma. Everett's argument for this procedure is as follows:
Although the electrons still must be reasonably close to thermodynamic equilibrium
among themselves because the dominant term is Maxwellian relative to the electron dif-
fusion velocity, they need no longer be close to thermodynamic equilibrium with the heavy
particles.
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Such an argument seems inconclusive, however, because the description of the
frictional distortion by electron—heavy-particle collisions of the Maxwellian distribution
function for electrons does not appear to be generalized. Hence, the requirement of near
thermodynamic equilibrium between species does not appear to be alleviated. The pur-
pose of the present section is to investigate whether, in fact, Everett's modification is an

improvement over that of information theory.

Everett's distribution function (ref. 1) through second-order terms can be written

3/2 2 4np 2
_ ne Ne [ 0/~ = 5[,
fe = ne<2ﬁkTé> exp[' ZkT'e(Ce ) Ve):l t (7 30) - 5](72 " Po)

19 2 2)
+ Tpe P'e’ZZ (3yz -y (100)

the primes in which indicate quantities referred to the electron frame of reference. If
the parameters oy and oy are introduced such that

Th = T (1 . alg%)) (101)
and
2
o) ' o 4peBO
Pe,ZZ = 1De,zz + 15 (102)

the subsequent expansion of equation (100) yields

n'le 3/Z __)/2
fe ~ ne<2nk’1’e> € (1 " ('De,Everett) (103)
and
205
= 2 y2 1 2 2 2 %HPg 9 )
Pe,Everett ~ 2’307’2<§7W +1- 77) + E Pe,zz (37/2 -4 4 - 3y5 - ¥

2
4np
2 01 2(5.2 5
+ By (27/2 + alyz - g-ozl - 1> + _TE/Z (27/ - '7) - YZ + 5:‘ (104)
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The requirements that the energy and mecg,z moments of equations (103) and
(104) result in identities for T, and Pe’zz, respectively, give

* = '% (105)
and
o = -5 (106)
so that equation (104) becomes
2 19 2 2
gpe,EV(?ret‘E BO”Z( 77’)’ +1- 77) 2—pz Pe,zz (37z -vY )
4UBO
2 2.5
5 [VZ(ZV 7) -y +§] (107)

There is, indeed, a difference between ¢ and the unmodified 13-moment func-

e,Everett
tion of equation (12).

If equation (107) is substituted into equation (92) for the hypothetical plasma out-
lined previously, there results

2
( > tRoq L @- o
|f(35 - 2)A(£)R13R_1’5 5¢

0
Pe,22)
( ©,2Z /Fverett

0]
Accordingly, the values of P from equation (108) are 3.055p g2, 1.719p_p3, and

e,zz
2. 231pe60 for £=1, 4, and o, respectively, 1f n is computed from equatlon (96).

Likewise, the values of P are 2. 501peBO, 1. '719peBO, and 2. 169peBO for

e,zz
£=1, 4, and o, respectively, if 7 is computed from equation (97).

As seen in table VII, wherein all the calculations of %e’zz(g‘:l) are listed,
Everett's function gives the best values yet of the traceless pressure tensor. It seems
quite adequate for this purpose over the entire range of £ and is definitely to be pre-
ferred over the distribution function derived from information theory.

Of some concern, however, is the fact that Everett's modifications in equation (107)
are confined to the second perturbation order; consequently, his method fails to improve
the inaccurate entropies and relations between first-order moments that were deduced
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TABLE VII.- TRACELESS PRESSURE TENSOR COMPONENT
FOR COULOMB INTERACTIONS (£ = 1)
OPA ..-.-/_ -312\ Method
€,22/“e"v
0.655 Unmodified Grad 13-moment.
4.135 13-moment with entropy maximization and exact heat flux.
3.140 13-moment with entropy maximization and approximate heat flux.
3.055 Everett 13-moment with exact heat flux.
2.501 Everett 13-moment with approximate heat flux.
2.749 Exact solution.

previously (tables I to V) by using the Grad distribution. Nor can it be said without addi-
c

omparisons that Everett's third-order results are valid.
CONCLUSIONS

The utility of Grad-like distribution functions has been investigated to the first and
second perturbation orders with the following conclusions:

1. The 13 moments in Grad's velocity distribution function are deprived of their
character as independent variables of the problem when the function is employed in the
Everett manner to close out the macroscopic equations of change. The relations thus
derived between the moments are not satisfied by the exact moments because of the
inaccurate evaluations of the collisional transfer terms using the Grad approximation,

2. Although the errors in the Everett type of calculations of the heat flux relative
to electron diffusion are not serious of themselves, the fact that the heat flux multiplies
the strongest velocity polynomial in the 13-moment distribution function can lead to much
larger errors in calculations of other quantities.

3. The substitution into the original Grad 13-moment distribution function of the
incorrect heat flux obtained by the closing-out method results in poor predictions of both
the entropy and the entropy production. This is especially pronounced if the important
difference between the collision time for entropy production and the collision time asso-
ciated with electron diffusion is considered. That such errors are caused primarily by
incorrect moments, rather than by the approximate form of the 13-moment function, is
demonstrated by the excellent value of the entropy found when the correct heat flux is
substituted into the Grad distribution.

4, The Grad function is much more accurate in its prediction of entropy if, as orig-
inally intended, experimental values are substituted for the 13 moments. Even so, the
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results are quite poor under special circumstances — namely, thermodynamic and field
conditions for which the 13 moments are insufficient to describe the frictional effects
arising from electron—heavy-particle collisions. In no case, however, does the
13-moment distribution function provide correct values of the moments higher than the
heat flux.

5. A generalization of Everett's method to include Grad-like functions of arbitrary
complexity shows a one-to-one correspondence between the number of moments consid-
ered and the number of Sonine polynomials employed in the first-order Chapman-Enskog
solution. In particular, the 5-moment analysis corresponds to the first Sonine approxi-
mation and the 13-moment analysis corresponds to the second Sonine approximation.
What benefit, if any, can be obtained by using the Evereit method at these levels is prob-
ably associated with the mechanics of solution,

6. The unmodified 13-moment distribution function of Grad is unacceptable for
closing-out purposes at the second-order level. Two modifications were considered
with the following result: Everett's method of referring the Grad function to the electron
frame of reference is more successfully used in predicting the traceless pressure tensor
than is the distribution function obtained from information theory (entropy maximization).
Neither technique improves the first-order computations.

7. Neither the Everett modification to the Grad function nor that of information
theory depicts the same time dependence as the exact second-order solufion derived in
the present research. The interpretation is not altogether clear, but one must expect
that second-order properties should depend on time in this problem through means more
complex than the temperature. In any event, the present solution is a rather pronounced
departure from that of Chapman and Enskog because the second-order perturbation func-
tion appears on the left side of the second-order perturbation equation.

8. Everett's calculations at the third and higher perturbation orders require fur-
ther consideration before definite statements can be made regarding their validity.

Langley Research Center,

National Aeronautics and Space Administration,
Langley Station, Hampton, Va., June 23, 1969,
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APPENDIX A
DEVELOPMENTS FROM INFORMATION THEORY

It is shown in this appendix that the first-order Grad distribution function of equa-
tion (14) can be derived just as well from the concepts of information theory as from the
original Grad expansion in terms of three-dimensional Hermite polynomials (ref. 1). A
start in this direction was recently achieved by Stankiewicz (refs. 4 and 5), but he stopped
short of the required number of moments.

The fundamental postulate of information theory states that the best distribution
function that can be derived from limited experimental knowledge alone is the one which

maximizes the entropy density

oo s [ ), -5 [k wo

subject to the measured constraints, If the nonequilibrium contributions to the latter
consist only of measurements of the Z%'J defined in equation (3), the application of the
method of Lagrange multipliers Ej to 0s=0 and 5[33. = 0 yields the following varia-

tional expressions:

S'féo) P - Z VT 7\00 o8, = 0 (A2)

9= ) VAT -7 (A3)
The combination of equations (3) and (A3) yields

- ~j-Kg. 8T
Bk=-é.22] (25 + 2k + 8). 1 [T (A4)
j

the substitution of which into equation (A3) gives the 16-moment perturbation function

- - 4 5\/—~ 5 — - 4 35\ = - 35 = -
o= 7o 48 - 3] 7 A - ) 7

if j assumes the values 0, 1, and 2. The description of this function as a 16-moment
approximation refers to the addition of EZ to the original 13 moments of Grad.
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APPENDIX A — Concluded

Among other requirements of a similar nature, the condition

Ez = 7(51 - %E()> (A6)

must be satisfied before Grad's 13-moment function is consistent to first order with
information theory and the full complement of B.] constraints.
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APPENDIX B
COLLISION INTEGRALS
It is shown in this appendix that equation (83) follows directly from the collision

dynamics when the electron—heavy-particle interaction potential is written as the
inverse £-power of the separation distance.

.

The first step in such a development is the formulation of the reduced electron par-
ticle velocity after a collision 7' in terms of the reduced electron particle velocity
before the collision % and the corresponding scattering or deflection angle . This
straightforward exercise in geometry yields

V'= % cos x+ v sin xE(sin @ cos € + cos O cos ¢ sin €)

- j{cos ¢ cos € - cos 6 sin ¢ sin €) - k sin Qsin__l (B1)

where 6 and ¢ are the polar and azimuthal angles, respectively, of 7" in spherical
coordinates and e 1is the azimuthal angle of 7' with respect to the direction of 7.

Accordingly,
f(y- _)7'>b db de = 277751 (1 - cos y)b db (B2)
0

The remaining integral involves, of course, the detailed collision dynamics, but that cal-
culation is circumvented here by the following use (ref. 2) of equations (15) and (35):

of 1/2

e (o). [2kTe ( '
_° = _n.f - ¢ )b db
(at >C"”1 Ni'e 7’( mg J (<P1 201> de

on. R £ 2k T,
— _ 3049/ > /‘Eg ‘y bdbde
Rz \Me
*"eR13 1-(a/0), 5Oy, - - 21O 7
" ooy | 01= - 1By " 7 (B3)
m,_oao. 04 TU
and
0 R 1/2
- — 13 Mg -4/t
¥ -%)bdbde = 2777/5v (1 - cos yY)bdb= ( ) Y ¥ (B4)
51( ) 0 n; 7R, \2KTe

where n; is the number density of the j-type heavy particles.
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APPENDIX B — Concluded

Finally,

5('}/3 - 'y'zz)b db de

‘”}’g_(l - COSzX) + 2y2sin y cos y sin 6 cos 0 sin ¢

- yzsinzx sin2g sinze]b db de

1

2 9\ (7 9
Tr(3'y -y>S\ 1 - cos2y)b db
V4 0 ( )

A(E)ﬂ(&yg - yz) f: (1 - cos yb db

A(Y)R 1/2
_ (g) 13 < me > / ‘)/_4/£(3')’§ _ _}/2) (B5)
anTGRO4 2KkT, :

from equations (B1) and (B4). The ratio A(%() of the two impact parameter integrals
has the values 2, 1.034, and 0.666, respectively, for £= 1, 4, and . (See ref. 6,
pp. 546-549.)
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